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ABSTRACT 
Generally, reservoir fluid flow is governed by diffusivity equation and solution to this equation helps 
to investigate pressure behaviour under certain reservoir and wellbore boundary conditions. In this 
paper however, the analytical solution method of Green and Source function is deployed to 
determine the performance of a horizontal well located between two parallel sealing faults, 
assuming simple rectangular reservoir geometry. Also, the dimensionless pressure and derivative 
approach is applied for all computations as it prevents the problem of unit conversions, reduces 
longer expressions and it helps to handle numerical values. The pressure expression derived from 
this work reveals that a maximum of two flow periods occur for the stated reservoir model. It was 
found out that an inverse relationship exists between dimensionless pressure and dimensionless 
length while pressure increased with thickness. Also high vertical permeability shortens the effect 
of the early radial flow period experienced by the horizontal well, thereby increasing productivity 
index. Finally, it was discovered that increased perforation length reduces the production potential 
of the horizontal well. 
 
Keywords: Dimensionless pressure, pressure derivatives, heterogeneity, pressure performance, reservoir and 
wellbore characterization. 
 
1. INTRODUCTION  
On the discovery of a commercially productive 
reservoir, the reservoir engineer is expected to set up 
a developmental plan that will aid optimum recovery 
of hydrocarbon reserves from the field under 
prevailing economic conditions, government policies 
and operating methods. Central to this plan are 
information obtained from detailed analyses of 
formation/well tests that are required for reservoir 
characterization, optimum production and 
determination of future development and production, 
thereby maximizing profit. Such information which 
may include average reservoir pressure, nature and 
extent of the reservoir boundary, heterogeneity, fluid 
and wellbore properties assist the reservoir specialist 
to take critical reservoir management decisions. For 
instance, the presence of faults and/or fractures over 
the years have continued to play a major role in the 
exploitation of petroleum from subsurface reservoirs 
as the identification of these structures through well 
test analyses provide significant boost to the 
production output of most developed nations. Since 
most petroleum-bearing reservoirs are faulted, 
adequate knowledge on the structure and 
communication of the fault region can have substantial 
effect on the economic feasibility of exploration goals 
and provides useful information for reservoir 
management. Consequently, understanding the 
effects of faults on the pressure performance of the 
petroleum reservoir is desired to enable proper 
reservoir and wellbore characterization. In this work, 
analytical solution method involving physical and 
mathematical models is used to define the possible 
flow regimes as well as pressure transient of a 
horizontal well located in a reservoir bounded by 
parallel sealing faults (no-flow boundaries) at the top 
and bottom with infinite-acting lateral extremities. 
Other objectives to be achieved from this reservoir 
model include the effect of varying well lengths, 
formation thicknesses, wellbore radius, perforation 
lengths and permeability distribution on the transient 
behaviour of the horizontal well in real time. 
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2. ANALYTICAL MODEL DESCRIPTION 
In petroleum engineering, horizontal well flow 
conforms to the second order, linear, heterogeneous 
partial differential equation called the diffusivity 
equation. This equation is usually presented in 3-D and 
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However, solution to this equation helps to generate 
an analytical model that will aid the reservoir engineer 
to analyze the performance of the particular horizontal 
well model. The solution technique to be adopted for 
this paper as mentioned earlier is the Green and 
Source function solution method. 
 
2.1. Physical Reservoir Model 
A simple rectangular geometry in fig 1 is selected to 
represent the reservoir model. The top and bottom 
boundaries of the model are no-flow boundaries and 
in the lateral directions, the reservoir is infinite-acting. 
This kind of reservoir is referred to as a laterally infinite 
reservoir. 
 
2.2. Mathematical Solution of the Reservoir 
Model 
Based on the horizontal model selected, the flow 
periods that can exist are the mandatory infinite-acting 
flow regime (called early radial flow) when no 
boundary has been encountered and the early time 
linear flow (or intermediate-time linear flow) as flow 
propagation reaches the vertical no-flow boundaries. 
Hence, the resulting dimensionless instantaneous 
source functions based on the available boundaries of 
the model are as follows: 
i. The instantaneous source function in the x-
direction during the early radial flow regime is 
that of an infinite slab source in an infinite slab 
reservoir where the dimensionless equivalent 
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The instantaneous source function in the y-direction 
during the early radial flow regime is that of an infinite 
plane source in an infinite slab reservoir where the 












4tD                (3) 
During the early radial flow, flow in the z-direction is 
similar to that in the y-direction, that is, infinite plane 
source in an infinite slab reservoir. Therefore, the 











4tD              (4) 
When the vertical no-flow boundaries are 
encountered, the source functions in x and y-axes 
remains that of infinite slab source and infinite plane 
source respectively as represented by eqns. (2) and 
(3). This is because flow in these directions has still 
not encountered any boundaries; however this is not 
the same case for flow in the z-direction. Here 
pressure declines constantly with respect to time due 
to effect of sealing faults and the expression for 
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.  
Fig. 1: Laterally Infinite Reservoir [2] 
 
2.3. Pressure performance equation of the 
horizontal well model 
When dimensionless approach is adopted to define 
parameters, then the following expression is used to 
compute dimensionless pressure:  
PD  =  2πhD∫ S(xD
tD
0
, yD, zD,τ) dτ                        (6) 
where tD = τ, dtD = dτ and S(xD, yD, zD,tD) is 
Newman’s product [2] of the instantaneous source 
functions in each dimension such that; 
S(xD, yD, zD,tD) = S(xD, tD) × S(yD, tD) × S( zD,tD)   (7) 
Hence for the given physical reservoir model, 
considering all the flow periods based on the available 
reservoir boundaries; 
PDT = 2πhD ∫ (early x
tDe
0
) × (early y) × (early z) dτ +
2πhD ∫ (early x
tD1
tDe
)(early y) × (late z) dτ      (8) 
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To evaluate tDe, the minimum of eqns. (10) and (11) 
is therefore applied. 
 
2.3.1. Early Radial Flow Regime 
This flow period develops when the well is initially 
opened for production and the flow has not 
experienced influence of any external boundaries. The 
flow is radial and is equivalent to that of a fully 
penetrating vertical well in an infinite-acting reservoir; 
hence it is also referred to as vertical radial flow 
regime[2,4]. The dimensionless pressure for this regime 
designated as PD1 is represented by the first part of 
eqn.(8), that is 
PD1 = 2πhD∫ s(x,
tDe
0
τ) × s(y, τ) × s(z, τ)dτ           (12) 
Substituting corresponding source functions of 
equations (2) to (4), eqn. (12) can be rewritten as 
follows: 





du                      (13) 






                                                (14) 
rwD
2 = (yD − ywD)
2 + (zD − zwD)
2               (15) 








)                           (16) 
Equation (16) is the dimensionless pressure drop of a 
horizontal well when it is infinite-acting. That is, when 
no external boundary has been felt during flow.  
 
2.3.2 Early Time Linear Flow 
Generally, linear flow usually develops when any of the 
upper or lower sealed boundaries is encountered. 
Therefore, as flow progresses beyond the horizontal 
wellbore and reaches the upper and lower boundaries, 
intermediate-time linear flow is generated. This flow 
period which is a transition between the vertical radial 
flow and the horizontal radial flow (pseudoradial or 
late time radial flow [7]), is predominant when the well 
length is sufficiently long compared to the formation 
thickness. The dimensionless pressure for this regime 
designated as PD2 is represented by the second part of 
eqn. (8), written as follows: 
PD2 = 2πhD ∫ (early x
tD1
tDe
)(early y) × (late z) dτ        (7) 
Inserting the relevant source functions from eqns. (2), 
(3) and (5) gives 









































n=1 )]d    (18) 
Hence, the total dimensionless pressure from 
inception of flow to date is written as 
PDT = PD1 + PD2                                         (19) 
The exponential integral Ei is obtained from tables or 
graph of Ei [9] or eqn. (13) could be evaluated 
numerically according to Gauss-Laguerre quadrature 
[10]. The integral in the second part can be integrated 
according to Gauss-Legendre quadrature. 
 
2.3.3 Pressure Derivative of Expression 
The total dimensionless pressure derivative is given as 
PDT
′ = tD ×
∂PDT
∂tD
                              (20) 
Equation (20) is solved by direct substitution of 
reservoir system parameters for every flow time. 
 
3. DATA SELECTION FOR CASE STUDY OF THE 
HORIZONTAL WELL MODEL 
The following theoretical reservoir and well 
parameters are selected for computation of 
dimensionless pressures and derivatives for detailed 
investigation of pressure transient behaviour of the 
horizontal well model: 
h = 100, 250 and 400fts; L = 800, 1200 and 2500fts; 
Kv/KH = 0.10, 0.60 and 1.00. Also 𝐱𝐃 =  1.0 (well toe); 
 yD = ywD (line source well); dimensionless wellbore 
radius rwD = zD − zwD = 0.1. The following definitions 












                                       (22) 
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Table 1: Computed Values of LD and tDe 
L(ft) 
h = 100ft h = 250ft h = 400ft 
Kv/KH=0.10 Kv/KH=0.60 Kv/KH=1.00 Kv/KH=0.10 Kv/KH=0.60 Kv/KH=1.00 Kv/KH=0.10 Kv/KH=0.60 Kv/KH=1.00 
LD tDe LD tDe LD tDe LD tDe LD tDe LD tDe LD tDe LD tDe LD tDe 
800 1.26 0.0027 3.10 0.0027 4.00 0.0027 0.51 0.0327 1.24 0.0327 1.60 0.0327 0.32 0.0961 0.77 0.0961 1.00 0.0961 
1200 1.90 0.0012 4.65 0.0012 6.00 0.0012 0.76 0.0145 1.86 0.0145 2.40 0.0145 0.47 0.0427 1.16 0.0427 1.50 0.0427 
2500 3.95 0.0003 9.68 0.0003 12.50 0.0003 1.58 0.0033 3.87 0.0033 5.00 0.0033 0.99 0.0098 2.42 0.0098 3.13 0.0098 
 
Table 2: Computed Values of PDT and P’DT for L=800ft 
tD1 h = 100ft h = 250ft h = 400ft 
Kv/KH=0.10 Kv/KH=0.60 Kv/KH=1.00 Kv/KH=0.10 Kv/KH=0.60 Kv/KH=1.00 Kv/KH=0.10 Kv/KH=0.60 Kv/KH=1.00 
PD P’D PD P’D PD P’D PD P’D PD P’D PD P’D PD P’D PD P’D PD P’D 
10-3 0.00 0.42 0.00 0.21 0.00 0.18 0.00 1.00 0.00 0.45 0.00 0.37 0.36 1.59 0.00 0.69 0.00 0.56 
10-2 0.05 0.45 0.13 0.29 0.17 0.30 0.00 1.04 0.00 0.54 0.00 0.49 0.41 1.63 0.00 0.79 0.00 0.68 
10-1 0.28 0.57 0.68 0.59 0.87 0.69 0.21 1.16 0.39 0.84 0.49 0.87 0.65 1.75 0.29 1.09 0.23 1.06 
100 0.92 0.96 2.25 1.53 2.91 1.90 0.92 1.54 2.13 1.78 2.74 2.09 1.40 2.13 2.12 2.03 2.59 2.28 
101 2.92 2.17 7.16 4.50 9.25 5.73 2.96 2.75 7.14 4.75 9.20 5.92 3.51 3.34 7.28 4.99 9.26 6.11 
102 9.25 6.00 22.70 13.90 29.30 17.80 9.30 6.59 22.70 14.10 29.30 18.00 9.88 7.18 22.90 14.40 29.40 18.20 
103 29.30 18.10 71.70 43.60 92.50 56.20 29.30 18.70 71.70 43.80 92.50 56.40 29.90 19.30 71.90 44.10 92.70 56.60 
 
Table 3: Computed Values of PDT and P’DT for L=1200ft. 
tD1 
h = 100ft h = 250ft h = 400ft 
Kv/KH=0.10 Kv/KH=0.60 Kv/KH=1.00 Kv/KH=0.10 Kv/KH=0.60 Kv/KH=1.00 Kv/KH=0.10 Kv/KH=0.60 Kv/KH=1.00 
PD P’D PD P’D PD P’D PD P’D PD P’D PD P’D PD P’D PD P’D PD P’D 
10-3 0.00 0.28 0.00 0.15 0.00 0.14 0.00 0.68 0.00 0.31 0.00 0.26 0.00 1.08 0.00 0.48 0.00 0.39 
10-2 0.07 0.32 0.18 0.25 0.23 0.26 0.00 0.72 0.00 0.41 0.00 0.39 0.00 1.12 0.00 0.57 0.00 0.51 
10-1 0.29 0.44 0.69 0.54 0.90 0.64 0.22 0.84 0.53 0.71 0.69 0.77 0.24 1.24 0.35 0.87 0.42 0.89 
100 0.92 0.82 2.26 1.48 2.92 1.86 0.89 1.22 2.19 1.64 2.83 1.98 0.96 1.68 2.11 1.81 2.70 2.11 
101 2.92 2.04 7.16 4.45 9.25 5.69 2.92 2.43 7.14 4.61 9.22 5.81 3.01 2.84 7.14 4.77 9.20 5.94 
102 9.25 5.87 22.70 13.80 29.30 17.80 9.25 6.26 22.70 14.00 29.20 17.90 9.36 6.67 22.70 14.20 29.30 18.10 
103 29.30 18.00 71.70 43.50 92.50 56.10 29.30 18.40 71.70 43.70 92.50 56.30 29.40 18.80 71.70 43.80 92.50 56.40 
 
Table 4: Computed Values of PDT and P’DT for L=2500ft. 
tD1 h = 100ft h = 250ft h = 400ft 
Kv/KH=0.10 Kv/KH=0.60 Kv/KH=1.00 Kv/KH=0.10 Kv/KH=0.60 Kv/KH=1.00 Kv/KH=0.10 Kv/KH=0.60 Kv/KH=1.00 
PD P’D PD P’D PD P’D PD P’D PD P’D PD P’D PD P’D PD P’D PD P’D 
10-3 0.02 0.14 0.04 0.10 0.05 0.10 0.00 0.33 0.00 0.17 0.00 0.16 0.00 0.52 0.00 0.25 0.00 0.22 
10-2 0.09 0.18 0.21 0.19 0.27 0.22 0.05 0.37 0.12 0.27 0.15 0.28 0.00 0.56 0.00 0.34 0.00 0.34 
10-1 0.29 0.30 0.71 0.49 0.92 0.60 0.27 0.49 0.67 0.56 0.86 0.66 0.24 0.68 0.58 0.64 0.75 0.72 
100 0.93 0.69 2.26 1.42 2.92 1.81 0.92 0.88 2.25 1.50 2.90 1.87 0.91 1.07 2.22 1.58 2.86 1.93 
101 2.93 1.90 7.17 4.39 9.25 5.64 2.92 2.09 7.16 4.47 9.25 5.71 2.92 2.28 7.15 4.55 9.23 5.76 
102 9.25 5.73 22.70 13.80 29.30 17.80 9.25 5.92 22.70 13.90 29.30 17.80 9.25 6.11 22.70 13.90 29.30 17.90 
103 29.30 17.90 71.70 43.50 92.50 56.10 29.30 18.00 71.70 43.50 92.50 56.10 29.30 18.20 71.70 43.60 92.50 56.20 
 
4. RESULTS AND DISCUSSIONS 
Under this section, the result of the combination of 
the data selected for case study and the pressure 
performance equation of the horizontal well model as 
computed in tables 1-4 is used to analyze the 
influence of the following well and reservoir 
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4.1. Effect of LD on Pressure Transient 
Behaviour of the Horizontal Well 
It is can be deduced from table 1 that as the value of 
LD increases relative to reservoir thickness, the effect 
of early radial flow is shortened. This implies that the 
quality of data derived from investigating pressure 
transient of shorter well lengths is usually sufficiently 
accurate and more reliable for near wellbore 
characterization. 
 
4.2. Effect of hD on Pressure Transient 
Behaviour of the Horizontal Well   
By the definition of hD in eqn. (22), it can be stated 
that an inverse relationship exists between 
dimensionless pay thickness of the reservoir and the 
dimensionless well length during the infinite-acting 
flow period. As evident in tables 2-4, smaller pressure 
drops are recorded for thicker reservoirs relative to 
the wellbore lengths. Also, the effect of vertical radial 
flow is prolonged. 
 
4.3. Effect of Anisotropic Ratio on the Pressure 
Transient Behaviour of the Well 
Anisotropy also greatly plays a major role on flow 
behaviour. From the tables generated, high vertical 
permeability shortens the effect of the early radial 
flow. Consequently, the production potential of the 
horizontal well is reduced.  
 
4.4. Effect of rwD on Pressure Transient 
Behaviour of the Horizontal Well 
The influence of rwD on pressure transient of the well 
model can only be felt during the infinite-acting flow 
stage as shown in eqn. (16). Therefore, selecting 
arbitrary values of rwD of 0.0001, 0.001 and 0.01 for 
an isotropic reservoir, it is revealed in table 5 that 
wellbores with smaller wellbore radius records better 
drawdown during production. 
 
4.5. Effect of XD on Pressure Transient 
Behaviour of the Horizontal Well 
Also observed from the investigation of the effect of 
XD on PD in table 6 was that as the value of XD 
increased for corresponding lengths and thicknesses, 
the value of PD reduces implying small drawdown, ∆P. 
As a result, when pressure drawdown is large for a 
producing well, one is expected to record better 
production and vice versa; that is, it can be stated 
that horizontal wellbore exhibiting a uniform flux flow 
(XD = 0.5) flow is expected to produce better than an 
infinite-conductivity well (XD = 0.732).  
 
5. CONCLUSION 
Results obtained from the mathematical pressure 
distribution equation of the horizontal well model lead 
to the following conclusions: 
1. A maximum of two flow periods exist (early radial 
and early linear flow) for the assumed horizontal 
well model. 
2. It was deduced that solution to dimensionless 
pressure equation of early radial flow period of 
the well model is strictly a function of 
dimensionless time while the intermediate linear 
flow period is majorly influenced by high vertical 
permeability. 
 
Table 5: Computed Values of PD for Varying Values of Dimensionless Wellbore Radius 
rwD 
PD PD PD 
h = 100ft h = 250ft h = 400ft 
L=800ft L=1200ft L=2500ft L=800ft L=1200ft L=2500ft L=800ft L=1200ft L=2500ft 
0.0001 3.14 2.13 1.09 7.08 4.88 2.49 10.79 7.46 3.81 
0.001 2.56 1.78 0.91 5.64 3.93 2.03 8.48 5.92 3.08 
0.01 1.99 1.40 0.73 4.19 2.97 1.57 6.18 4.39 2.34 
 
Table 6: Computed Values of PD for Varying Values of XD for an Isotropic Reservoir 
XD 
PD PD PD 
h = 100ft h = 250ft h = 400ft 
L=800ft L=1200ft L=2500ft L=800ft L=1200ft L=2500ft L=800ft L=1200ft L=2500ft 
0.2 0.51 0.53 0.54 0.31 0.42 0.50 0.13 0.26 0.45 
0.4 0.49 0.52 0.53 0.28 0.39 0.48 0.11 0.25 0.44 
0.6 0.45 0.47 0.48 0.25 0.36 0.44 0.11 0.21 0.39 
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3. The wellbore length has no significant effect on 
the pressure behavior of horizontal wells at early 
time. 
4. When the flow reaches upper and lower 
impermeable boundaries of the formation, the 
fluid streamlines begins to straighten and the 
well begins to experience early linear flow. 
5. Longer wellbore length gives lesser productivity 
index than short well lengths; also reservoirs 
with lesser Kv/KH ratio record better productivity 
index than those with higher values. 
6. Shorter perforation lengths (XD) of horizontal 




B = oil formation volume factor, rbbl/STB 
Ei = exponential integral 
Ct = rock compressibility, psi-1 
h = reservoir pay thickness, ft 
hD = ZeD = dimensionless reservoir thickness 
kx, ky, kz = permeability in the x, y, z direction 
respectively, md 
kH = effective horizontal permeability in the areal 
plane or it is also referred to as the permeability 
parallel to the bedding plane and it is of great 
interest, md 
kv = effective vertical permeability in the areal plane. 
It is the permeability in the direction perpendicular to 
the bedding which controls flow due to gravity, md 
L = horizontal well length, ft 





P’D = dimensionless pressure derivative 
Pi = initial reservoir pressure, psi 
Pwf = flowing bottom hole pressure, psi 
q = flow rate, STB/D 
rw = wellbore radius, ft 
rwD = dimensionless wellbore radius 
S = skin factor 
t = flow time, hrs 





te = time taken for flow to reach the boundaries in 
the vertical plane, hrs 
tDe = dimensionless time taken for flow to reach the 
boundaries in the vertical plane 
xD = perforation length 
zD = dimensionless distance from reservoir bottom to 
centre of the well 
zwD = dimensionless distance from reservoir bottom 
to well bottom  
µ = fluid viscosity, cp 
∅ = porosity 
∆P (drawdown) = Pi - Pwf 
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